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Abstract. A gauge- invariant C*-system is obtained as the fixed point subalgebra of the 
infinite tensor product of full matrix algebras under the tensor product unitary action of a 
compact group. In the paper, thermodynamics is studied in such systems and the chemical 
potential theory developed by Araki, Haag, Kastler and Takesaki is used. As a generalization 
of quantum spin system, the equivalence of the KMS condition, the Gibbs condition and 
the variational principle is shown for translation-invariant states. The entropy density of 
extremal equilibrium states is also investigated in relation to macroscopic uniformity. 



Introduction 

The rigorous treatment of the statistical mechanics of quantum lattice (or spin) systems 
has been one of the major successes of the C*-algebraic approach to quantum physics. The 
main results are due to many people but a detailed overview is presented in the monograph 
[7]. (Chapter 15 of [22] is a concise summary, see also [25].) The usual quantum spin system 
is described on the infinite tensor product C*-algebra of full matrix algebras. Given an inter- 
action the local Hamiltonian induces the local dynamics and the local equilibrium state. 
The global dynamics and the global equilibrium states are obtained by a limiting procedure. 
The equivalence of the KMS condition, the Gibbs condition and the variational principle for 
translation-invariant states is the main essence in the theory; they were established around 
1970 ([1, 19, 24]). The above mentioned concepts are used to describe equilibrium states. 
Recently Araki and Moriya extended the ideas to fermionic lattice systems [5]. 

An attempt to extend quantum statistical mechanics from the setting of spin systems to 
some approximately finite C*-algebras was made by Kishimoto [17, 18]. Motivated by the 
chemical potential theory due to Araki, Haag, Kastler and Takesaki [4], in our previous paper 
[14] we study the equivalence of the KMS condition, the Gibbs condition and the variational 
principle on approximately finite C*-algebras as a natural extension of the thermodynamics 
of one-dimensional quantum lattice systems. It turned out that equation (2.8) in the proof of 
[14, Theorem 2.2] does not hold and the equivalence formulated in that theorem is recovered 
here under stronger conditions. (The error in the proof was pointed out to the authors by 
E. St0rmer and S. Neshveyev some years ago.) 

A gauge-invariant C*-system is obtained as the fixed point subalgebra of the infinite ten- 
sor product of full matrix algebras under the tensor product unitary action of a compact 
group. This situation is a typical example of the chemical potential theory. The primary 
aim of the present paper is to recover the main results in [14] in the restrictive setup of such 
gauge-invariant C*-systems. The second aim is to discuss entropy densities and macroscopic 



^ Supported in part by Japan-Hungary Joint Research Project (JSPS) and by the program "R&D support 
scheme for funding selected IT proposals" of the Ministry of Public Management, Home Affairs, Posts and 
Telecommunications. 

^ Supported in part by MTA-JSPS project (Quantum Probability and Information Theory) and by OTKA 
T032662. 



1 



2 



N. AKIHO, F. HIAI, AND D. PETZ 



uniformity for extremal equilibrium states in such C*-systems and to extend the arguments 
in [13]. 

1. Equilibrium states with chemical potentials 

We begin by fixing basic notations and terminologies. Let Md{C) be the algebra of d x d 
complex matrices. Let denote a one-dimensional spin (or UHF) C*-algebra (^^.g^ with 
J^k '■= Md{C), and 9 the right shift on JT. Let G be a separable compact group and a a 
continuous unitary representation of G on C'' so that a product action 7 of G on ^ is defined 
by Ig '■= 0z^dcrg, g E G. Let A := the fixed point subalgebra of for the action 7 of 
G. For a finite subset A C Z let J^a := (S)fceA-^fc ^^'^ -^a '■= An J^a = the fixed point 
subalgebra for "y\j^/^- Then A is an AF C*-algcbra generated by {Aa}acZ ([23, Proposition 
2.1]). The algebra A is called the observable algebra while is called the field algebra. Let 
S{A) denote the state space of A and S0{A) the set of all ^-invariant states of A. 

An interaction <I> is a mapping from the finite subsets of Z into A such that $(0) = and 
$(X) = ^{X)* € Ax for each finite X C 1^. Given an interaction $ and a finite subset 
A C Z, define the local Hamiltonian Ha by 

Ha := Yl 

XcA 

and the surface energy Wa by 

Wa := ^{$(X) : X n A 7^ 0, X n AV 0}, 

whenever the sum converges in norm. 

Throughout the paper we assume that an interaction $ is 9 -invariant and has relatively 
short range; namely, 9{^{X)) = $(X + 1), where X + I := {k + 1 : k & X}, for every finite 
X C Z and 



1^111:= E 



mm 



X30 ' 



< CX), 



where \X\ means the cardinality of X. Let B{A) denote the set of all such interactions, which 
is a real Banach space with the usual linear operations and the norm |||$|||. Moreover, let 
Bo{A) denote the set of all $ G '^(.4) such that 



E ll^l-'^)!! < °o and sup ||H^[i,n]|| < 00. 

X30 



Then Bo{A) is a real Banach space with the norm 

||$||o:=Ell^WII+sup||%,n]ll (>lll*l 



X30 

We define the real Banach space Bo{J^) in a similar manner. 

When $ G Bo{A) we have a strongly continuous one-parameter automorphism group a* 
of T such that 

lim \\af{a) - e^^^I-'-Hae-^*^!-'--! || = 

for all a G uniformly for t in finite intervals (sec [15, Theorem 8] and also [7, 6.2.6]). It 
is straightforward to see that af9 = 9af and ctf 7g = JgCef for all t G M and g £ G so that 
af{A) = ^, t G M. The sextuple {T, A, G, a*, 7, 9) is a so-called field system in the chemical 
potential theory ([4], [7, §5.4.3]). The most general notion of equilibrium states is described 
by the KMS condition in a general one-parameter G*-dynamical system (see [7, §5.3.1] for 
example). In this paper we consider only (q!*,/3)-KMS states with /3 = 1; so we refer to 
those states as just a^-KMS states. The next proposition says that the a*-KMS states are 
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automatically 6'-invariant. This was stated in [14, Proposition 4.2] but the proof there was 
given in a wrong way. 

Proposition 1.1. Let $ G Bo{A), and let K{A,^) denote the set of all a^-KMS states of 
A. Then K{A,^) C So{A), and u G K{A,^) is extremal in K{A,^) if and only if u is 

extremal in Sg (A) . 

Proof. The proof below is essentially same as in [10, §111]. Recall that the generator of a* is 
the closure of the derivation 6o with domain D{6o) = Ua^a (over the finite intervals A C Z) 
given by 

So{a):=i ^ [$(^),a], a E Aa. 

xnA^0 

For each n € Nlct Un € J^[-n n] be a unitary implementing the cyclic permutation of J^[-n n] = 
0:i^Mrf(C), i.e., 

Adu„(a_„ (g) a_„+i (g • • • (g) a„_i (g a„) = a„ (g) a_„ (g a_„+i g) • • • (g a„_i 

for Ofc G M(i{C). Since [itn, (S)"n "^s] ~ 0' Igi.'^n) = for all (7 G G so that u„ G .4. 

Moreover, since Adu„(a) = 9{a) whenever a G v4[_„^„_i], it is immediate to see that 6{a) = 
lim„^oo Adn„(a) for all a E A. Hence, one can apply [10, Corollary II. 3] (or [7, 5.3.33A]) 
to obtain i^(yl, $) C 5g(yl), and it suffices to show that sup„>j^ ||(5o(Mn)|| < 00. This indeed 
follows because 



\5o{Un) 



Xn[-n,n]7^0 



Xr\[-n,n\^<h 



< 



< 



($(X) - 0($(X))) 

Xc[-n,n-l] 

Y ($(X)-$(X + 1)) 

X(Z[-n,n-l] 



+ 



Xn[-n,7i]7^0 
Xlt[-n,n-l] 



+ 2 



Xn[-n,ra]7^0 
Xi^[-n,n-l] 



< E 11^(^)11 + Eii^wii +2 Eii^wii +2 

X3-n X3n X3n 



E ^(^) 



Xn[-Ti,n]7^0 
X2:[-n,n] 



< 4Ell<^'(^)ll+2||t^[-n,n]ll 

< 4||$||o < 00. 

For each uj G 5e(^) let {iTuj,'Huj) be the GNS cyclic representation of A associated with lv 
and Ug be a unitary implementing so that 7ru{6{a)) = UgTTi^{a)UQ for a E A. Since (.4,,^) 
is asymptotically abelian in the norm sense, i.e., lim|„|_^oo II ['Jj ^"'(^)] II = for O'^b, G A, it 
is well known [7, 4.3.14] that 

ttUA)' n {UeY c TT^iA)' n 7r,(^)". (l.l) 

According to [27, Lemma 4.7], the second assertion is a consequence of this together with 
the first assertion (see also [7, 4.3.17 and 5.3.30(3)] for extremal points of Sg{A) and of 
K{A,<^)). □ 
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Remark 1.2. Since {A, 9) is asymptotically abelian as mentioned in the above proof, Sq{A) 
becomes a simplex. It is also well known that K{A, is a simplex. These were shown in [27, 
§4], where the lattice (or simplex) structure of state spaces was discussed in a rather general 
setting. (See also [7, 4.3.11 and 5.3.30 (2)]). Moreover, it is seen from (1.1) [27, Lemma 4.7'] 
that K{A, $) is a face of S0{A). 

It is known [14, Lemma 4.1] that any tracial state of .4 is ^-invariant and (f) is extremal 
if and only if it is multiplicative in the sense that (l){ab) = (p{a)(p{b) for all a € A[ij] and 
b € ^y+i^fc], i < j < k. The ^-invariance of any tracial state of ^ is a particular case of 
Proposition 1.1 where $ is identically zero. We denote by £T^{A) the set of all faithful 
and extremal tracial states of A. On the other hand, we denote by E{G,a) the set of all 
continuous one-parameter subgroups 1 1— > of G. Two elements ^, ^' in H(G, a) are identified 
if there exists g G such that Adag~i^^g = Adcr^/, t € M. In fact, this defines an equivalence 
relation and we redefine H(G, a) as the set of equivalence classes. Then, [14, Proposition 4.3] 
says 

Proposition 1.3. There is a bijective correspondence <p ^ between £T^{A) and E!(G, cr) 
under the condition that (f) extends to a j^-KMS state of J^. 

Let To be the normalized trace on M(i(C). Let (p and ^ be as in the above proposition. Then 
there exists a unique sclfadjoint h € ^{o} = MdiC) such that ro(e^'*) = 1 and Adci^^ = Ad e**'' 
for all i G M. We call this h the generator of ^. Note that To{e~^ •) is a unique KMS state of 
Mrf(C) with respect to Ade**'* and thus (f) := ^I'^oie"^ •) is a unique KMS state of with 
respect to = Ade'*''; so (p = 

Let ^> G Bo{A) and ^ G H(G, a), and let lo be an a*-KMS state of A. We say that ^ is the 
chemical potential of lo if there exists an extension a; of a; to .F which is a KMS state with 
respect to afj^^. Let h be the generator of ^, and define a ^-invariant interaction in by 



Since G }3o{J^), it generates a one-parameter automorphism group a* on J^. Then, we 
have af'' = afj^^, t G M, and a^\A = «*''U ([14, Lemma 4.4]). Due to the uniqueness 
of an Q!*''-KMS state of ([2, 16]), we notice that there is a unique a*-KMS state with 
chemical potential ^, which is automatically ^-invariant and faithful. On the other hand, a 
consequence of the celebrated chemical potential theory in [4, §11] together with Proposition 
1.1 is the following: If a; is a faithful and extremal a*-KMS state of A, then lo enjoys the 
chemical potential. A complete conclusion in this direction will be given in Theorem 1.6 
below, and Proposition 1.3 is its special case. 

To introduce the Gibbs condition, one needs the notion of perturbations of states of A. 
Let LOjtp E S{A). For each finite interval A C Z, the relative entropy of ip\ := iP\aa with 
respect to lo\ := is given by 



Here, TrA denotes the canonical trace on A a such that TrA(e) = 1 for any minimal projection 
e in Aa- Then the relative entropy S{il),uj) is defined by 



(See [22] for details on the relative entropy for states of a C*-algebra.) For each lo G S{A) and 
Q = Q* E A, since ip 1-^ S{ip,Lo) + ip{Q) is weakly* lower semicontinuous and strictly convex 





otherwise. 



(1.2) 




S{i/j,u) := sup Sill; A, u a) = lim S'(V'[-„,„], ^[-n,n])- 

AcZ n^oo 
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on «S(^), the perturbed state [lo'^] by Q is defined as a unique minimizer of this functional 
([8, 22]). Recall [3, 8] that 

|5(V',u;)-5(V,[u;«])| <2||g|| (1.3) 

for every ^p,LJ e S{A) and Q = Q* e A. 

Let $ be an interaction in A and ^ a tracial state of A. For each finite A C Z, the local 
Gibbs state (f/^ of A\ with respect to $ and (j) is defined by 

Let uj E 5(^) and (vr^j, T^tj, i^uj) be the cyclic representation of A associated with lo. We 
say that to satisfies the strong Gibbs condition if 0,^^ is separating for tt^{A)" and if, for each 
finite A C Z, there exists a conditional expectation from Tru{A)" onto tTuj{Aa) V 7Tuj{AA<=y' 
with respect to [a;~^*]~ and 

[u-^^]{ab) = cj,f{a)[u;-^^]{b), a e Aa, b e Aac (1.4) 

Here, [a;~^'^]~' is the normal extension of the perturbed state [w"^'^] to 'jrij{A)" (see [14, 
p. 826]). Furthermore, we say that uj satisfies the weak Gibbs condition with respect to $ and 
(/) if [uj-'^^]\aa = 4>f for any finite A C Z. 

Now, let $ € B{A), (j) ^ £T^{A) and uo € S0{A). From now on, for simplicity we write 
An '■= v4[i^„], Hn := -f^[i,n]) '■= 4>\An-: '■= ©tc. for each n G N. The mean relative 

entropy of a; with respect to ^ is defined by 

1 1 
Sm{oj,4)) ■■= lim -5(a;n,0n) = sup -5' (a;„, (/>„). 
n-^oo n „>i n 

(See [14, Lemma 3.1] for justification of the definition.) Define the mean energy of $ by 

^ $(X) , ^, 

Furthermore, it is known [14, Theorem 3.5] that lim^^oo ^ log^(e~^") exists and 
lim -log^(e"-^") = sup{-5'm(u;,^!') - oo{A^) : oo G Se{A)}. 

n— »oo n 

The pressure of $ with respect to ^ is thus defined by 

p{^,4>)'-= lim - log^(e~-'^"). 
We have the variational expressions of p(<l>,0) and Sm{^,<P) as follows. 
Proposition 1.4. Let (j) G £T^{A). If ^ e B{A), then 

p($, 0) = sup{--SM(a;, (/>) - u;{A^) : a; G 5e(.A)}. (1.5) 

IfujE S0{A), then 

- Sm{u;, (j)) = inf{p($, </>) + u{A^) : $ G B{A)}. (1.6) 

Proof. The expression (1.5) was given in [14, Theorem 3.5] as mentioned above. We further 

can transform (1.5) into (1.6) by a simple duality argument. In fact, for each to G Se{A) 
define f^ G B{A)* , the dual Banach space of B{A), by /a)(<l>) := —u){A^)^ and set F := 
{/a, : a; G So{A)}. Then, it is immediate to see that uj G Sq{A) i-^ /^^ G F is an afHne 
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homeomorphism in the weak* topologies so that F is a weakly* compact convex subset of 
B{A)*. Define F : B{A)* [0, +00] by 

Fif^):=SM{co,(l)) fovueSeiA), 
F{g) :=+oc ifgeB{Ar\r. 

Then F is a weakly* lower semicontinuous and convex function on B{A)* (see [14, Proposition 
3.2]). Since (1.5) means that 

p{^, </.) = sup{5($) - F{g) : g G BiA)*}, $ G B{A), 
it follows by duality (see [9, Proposition 1.4.1] for example) that 

F{g) = sup{5($) - p($, </.):$£ BiA)}, g G BiA)*. 
Hence, for every u G Se{A), 

Sm{oo,4>) = sup{U^)-p{^,(f>):^eB{A)} 

= - inf{p($, 0) + u{A^) : $ G B{A)}, 
giving (1.6). □ 

We say that u satisfies the variational principle with respect to $ and (j) if 

p($, 0) = -Suiio, 4>) - coiA^). (1.7) 

With the above definitions in mind we have the next theorem, recovering main results of 
[14] (Corollary 3.11 and Theorem 4.5) in the special setup of gauge-invariant C*-systems. 

Theorem 1.5. Let $ G Bo{A), (f> G £T^{A) and ^ G H(G, (/>) with <f> ^ ^ in the sense of 
Proposition 1.3. Then the following conditions for uj G S(A) are equivalent: 

(i) u is an a^-KMS state with chemical potential ^; 

(ii) Lo satisfies the strong Gibbs condition with respect to $ and (p; 

(iii) UJ G Sg{A) and uj satisfies the weak Gibbs condition with respect to ^ and cp; 

(iv) UJ G Sg{A) and uj satisfi,es the variational principle with respect to $ and (j). 

Furthermore, there exists a unique uj G >S(^) satisfying one {hence all) of the above con- 
ditions. 

Proof, (i) =^ (ii). Let uj be an q*-KMS state with chemical potential ^ and (tt^^,, Hi^j, il^j) be the 
associated cyclic representation of A. It is well known that Cl^j is separating for TTi^iA)" (see 
[7, 5.3.9] for example). According to the proof of [14, Theorem 2.2, (i) ^ (ii)], we see that for 
any finite A C Z there exists a conditional expectation from '7raj{A)" onto TTuiiAA) V tTu}{Aa<:)" 
with respect to [w~^'^]~. (Note that this part of the proof of [14, Theorem 2.2, (i) =^ (ii)] is 
valid.) Moreover, the proof of [14, Theorem 4.5] shows that (1.4) holds for any finite A C Z. 
Hence we obtain (ii). 

(ii) =^ (iii). The proof of [14, Theorem 2.2, (ii) (i)] guarantees that (ii) implies uj G 
K{A, $). Hence Proposition 1.1 gives the ^-invariance of u. 

(iii) ^ (iv) is contained in [14, Proposition 3.9] proven in a more general setting. 

(iv) ^ (i). To prove this as well as the last assertion, it suffices to show that a state 
u G S{A) satisfying (iv) is unique. First, note that the variational principle (1.7) means that 
^ H- > —uj{Aq,) is a tangent functional to the graph of p{-, (p) on Bo{A) at $. Let h G M^iC) be 
the generator of and a 0-invariant interaction in F defined by (1.2). Since G Bo{F), 
there is a unique a*''-KMS state uj of J^. Equivalently, there is a unique 6'-invariant state uj 
of f satisfying the variational principle with respect to i.e., 

P:Fi<^'') = sr{co)-CoiA^^). 
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Recall here that the pressure Pj^{^) of ^' G Bq{J^) and the mean entropy sj^{'ijj) of ^ G S0{T) 
are 

:= hm llogTV^„(e-^"W), := lim -5(Vn), 

n— >oo n n—>oo n 

where Tr^„ is the usual trace on !Fri and Hn{^) is the local Hamiltonian of ^ inside the 
interval [l,n]. The uniqueness property above means (see [9, Proposition 1.5.3] for example) 
that the pressure function Pf(-) on Bo{J^) is differentiate at We have (see [14, (4.11)]) 

p($, 0) = P^($'^) - log d, $ G fio(.4). (1.8) 

By this and (1.2) we obtain 

p($ + *,</)) = Pf($'' + *) -log d, ^eBo{A), 

which implies that * G Ho(.4) <—>■ p(*, ^) is differentiable at Hence the required implication 
follows. □ 

The next theorem is a right formulation of what we wanted to show in [14], though in the 
restricted setup of gauge-invariant C*-systems. 

Theorem 1.6. //$ G Bo{A) and co G S{A), then the following conditions are equivalent: 

(i) uj is a faithful and extremal a^-KMS state; 

(ii) UJ is a^-KMS with some chemical potential ^ G H(G, cr); 

(iii) oj satisfies the strong Gibbs condition with respect to $ and some (j) ^ £'^^{A); 

(iv) UJ G Sg{A) and lo satisfies the weak Gibbs condition with respect to $ and some 
(j) G £T\A); 

(v) UJ G Se[A) and uj satisfies the variational principle with respect to $ and some (p G 
ST^iA). 

Proof. In view of Theorem 1.5 we only need to prove the equivalence between (i) and (ii). 
(i) =^ (ii) is a consequence of the chemical potential theory in [4, §11] and Proposition 1.1 
as mentioned above (after Proposition 1.3). Conversely, suppose (ii) and let a) be a (unique) 
KMS state of with respect to a*7^t = so that uj = a)|^. Since u is obviously faithful, 
so is u. Moreover, the extremality of u in Sff{A) follows from that of u in Sq{T). This 
may be well known but we sketch the proof for convenience. Let (tt, 7i, fi, t/g)) be the cyclic 
representation of T associated with cj, where JJq is a unitary implementing 9 so that JJqQ, = (l 
and TT{6{a)) = UgTt{a)Ug for a ^ J- . Then the cyclic representation of A associated with ui is 

given by H^^ := Tf{A)^ and TTi^{a) := 7r(a)|7^^ for a & A with 17^^ := fi. Let P : TL ^ Ticj be 
the orthogonal projection. Since UgP = PUg, Ug := tJe\'Huj ^ unitary implementing f?|_4. 
Let a denote the modular automorphism group of 7r(jF)" associated with Since at(7r(a)) = 
7r(Q;f (a)) G 7r(v4) for all a G v4, there exists the conditional expectation E : Tt{J^)" — tt{A)" 
with respect to the state (-^7,0) ([26]). Notice that E is ^-covariant, i.e., E{U0xUg) = 
U0E{x)Ug for all x G %{J-)" . Now, assume that ui G S0{A) and uji < \u for some A > 0; 
hence there exists Ti G 'KuiiA)' with < Ti < A such that uJi{a) = (ri7rt^(a)0t^, 0^^) for 
aeA, and T-JJ'^ = U^Ti. Define T := TiP + (1 - P) on H. Then it is easy to check that 
< T < A, T G 7c{Ay and TUg = UgT. Define 

wi(a) := {TE{Tr{a))Cl, Cl), a G J^, 

which is a state of with a)i|^ = ui and a)i < Aa>. For any a G ^ we get 

i2}^{e{a)) = {TE{U0TT{a)U;)il,Ct) = {TE{7t{a))h,n) = cdi{a) 
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SO that the extremahty of Cj imphes uii = Cj and so = ui. Hence uj is extremal in Sg^A) 
(hence in $)), and (ii) =^ (i) is shown. □ 

2. More about variational principle 

In this section we consider the variational principle for u G Sq{A) in terms of the mean 
entropy and the pressure which are defined by use of canonical traces on local algebras (not 
with respect to a tracial state in £'T^{A)). Let u be the restriction of (^^tq to A, which is 
an element of £T^{A) corresponding to the trivial chemical potential ^ = 1. For each n G N 
the n-fold tensor product (^^' a of the unitary representation a is decomposed as 



I Cr = miCTl a3 7712(72 99 • • • 93 777x„crK„ , 

1 

where ai £ G, 1 <i < Kn, arc contained in (^"t with multiplicities 777i. For 1 <i < let 
di be the dimension of cTj. Then, we have Y^f^i rriidi = and 

An = 0(M^,(C)®1,,)-0M^,(C), (2.1) 
i=l i=l 

Kn K„ 

^nr\A^ = 0(l^,®Md,(C)) ^0M^,(C). (2.2) 
i=\ i=\ 

The canonical traces Tr^^ on An and Tr_4/ on J-n H .4.^ are written as 

«i ® Idi j = 1^ "^m^ifli). ai G M^,(C), l<i<Kn, 

^A'n (Y. ®b^=Y. ^dM^ bi G Md,(C), l<i<Kn, 

where Tr^ denotes the usual trace on M^(C). 

Lemma 2.1. (1) IfuE S0{A), then lim„^oo :^5'('^',i) exists and 

lim —S{uJn) = -5'm(w,i^) + logd, 

n— »oo n 

where S{LOn) is the von Neumann entropy of ojn with respect to Tr^„, i.e., 

(2) //$ G B{A), i/ien lim„^oo ^ log Tr^„ (e ■^") exists and 

lim - log Tr^„ (e"-^") = p($, u) + log d. 

n— >oo n 

Proof. (1) Notice that 

S{uJn) = -S{uJn,^n) - (log f^" 

Representing = 0£"i(-^mi(C) (8) l^J as in (2.1), we have 
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because 

\ i / i i 

for Qi e M^.(C), 1 <i < Kn- Therefore, 
This impUes that 

< u;„ ( log I + n log d < log ( max d, 

V aTr^„ / \i<i<Kn 

As is well known (see a brief explanation in [14, p. 844] for example), the representation ring 

of any compact group has polynomial growth; so we have 

lim — logf max di] =0. (2.5) 

n-*oo n \l<i<K„ J 

This implies the desired conclusion. 
(2) By (2.4) we get 

IV^Je-^") < (iV,(e-^") < f max diV^Je"^"), 

\l<l<Kn J 

implying the result. □ 



In view of the above lemma we define the mean entropy oi u E S${A) by 

n 

and the pressure of $ G ^{•A) by 



sa{uj) := lim -S{un) {= -SM{i^,i^) + ^ogd), 

n^oo n 



P4($) := lim ilogTr^„(e ^") {= , u) + log d) . 

n— >oo n 

The variational expression (1.5) in case of = is rewritten as 

P4($) = sup{s^(a;) - Lo{A^) : u € Se{A)). 

Proposition 2.2. Let $ G Bo{A) and € H(G, o") with the generator h. Assume that ^ is 
central, i.e., belongs to the center of G for any t {this is the case if G is ahelian). Then 
defined by (1.2) is an interaction in A, and u G S0{A) is a^-KMS with chemical potential ^ 
if and only if it satisfies the variational principle 

Pa{^'') = sa{^) - uj{A^h). (2.6) 

In particular, u is a^-KMS with trivial chemical potential if and only if it satisfies 

Pa{^) = sa{uj) -u{A^). 

Proof. The assumption of ^ being central implies that Ad ag{a^^) = a^^ for all g E G and 
t G M. Hence, it is immediate to see that (g)^ = exp(— X^jeA ^K^)) is in for any finite 
K dl, and so the interaction is in A. Let (j) be an element of ET^i^A) corresponding to ^ 
as in Proposition 1.3. We may show that (2.6) is equivalent to the variational principle (1.7) 
with respect to (f). Since A^h = A^ + h, it suffices to prove the following two expressions: 

p{^,^) = PA{^^)-\ogd (2.7) 

and for every a; G Sq{A) 

- 5M(a;, ^) = SAiuj) - Lo{h) - log d. (2.8) 
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Let Hn{^^) be the local Hamiltonian of inside the interval [1,^]. Since 
we obtain (2.7) thanks to (2.4) and (2.5). On the other hand, since 

-S{LOn,(l)n) = ^((^n) + Wnl log 



n 



= 5K)+^n(^log(^^®e-'^JJ (2.9) 

= S{un) - nuj{h) + Un (\og j , 

the expression (2.8) follows. □ 

3. Entropy densities 

From now on let G, a, 7, A, 6, etc. be as in the previous sections. Let $ G SoiA) 
be given and a* be the associated one-parameter automorphism group. Furthermore, let 

(/) G £T^{A) and the corresponding ^ G H(G, o") with generator h be given as in Proposition 
1.3; hence (j) extends to the 7^-KMS state (p of J-". For each n G N we then have the local 
Gibbs state of An with respect to ^ and (p given by 

and the local Gibbs state of J-n with respect to given by 

The notation 0^ is justified as follows: Since and e~^" commute (see the proof of 

[14, Proposition 4.3]), (j)^ is written as 

C(a) = „ _ _ ^ = aGJ'^n- (3.1) 

Tr.?-n (((6)1 e '')e ^(e--^^") 

With these notations we have 

Theorem 3.1. Let lo be an a^-KMS state of A with chemical potential ^ and Co he the 
a^j^-KMS state of T extending u). Then 

Sm{ujA) = lim -S((^^,0„)= lim -S(0^,4) 

n— »oo n n— »oo n 

= SMi<^, ^) = -sj^{io) + Cj{h) + log d 

and 

s:f{u) = lim -S{4>'^) = lim -S{4>^), 

n—>oo n n— >oo n 

where sjr{u}) := lim„_>(x, ^^(a)^), the mean entropy of u). In particular, if ^ is central, then 
sa{u}) = sr{Lo). 
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Proof. The following proof of 5'm('^, ip) = lim^^oo (pn) is a slight modification of [20, 

Theorem 2.1]. The proof of Theorem 1.5 says that * G Bo{A) p{^,(t)) is differentiable at 
$ with the tangent functional ^ G Bq{A) ^ — a;(^$). Hence we have 



d_ 
dp 



(3=1 



Furthermore, we obtain 
d 



13=1 



and as in [20] 



n~*oo dp 



-log0(e-^"(^*)^ = — 

n 



(3.2) 



(3.3) 



/3=1 



f3=i" d(3 
Combining (3.2)-(3.4) yields lim^^oo ^(PniHn) = uj{A^). Therefore, Theorem 1.5 implies 
SM{co,(j)) = -pi<^,4>) -uj{A^) 

lim l(-log0(e-^")-0^(i?„)) 



(3.4) 



n— ►oo n 
hm —01' I log 

n— >oo 77, 



= lim -S{cl>^,<f>n)- 

n^oo n 

On the other hand, c2; satisfies the variational principle with respect to i.e.. 

Since A^h = A^ + /i, this and (1.8) imply 

Suiu;,(j)) = -p{^,(t>) -uj{A,i.) 

= — sjr(w) + cD(A$ + /i) + logd — u;(A$) 
= — Sjr(w) + Lo{h) + log d. 

Since #„/dTr^„ = ti"^' (g)'*^^ e"^, we have 



S{u;n, 4>n) = -S{Un) - d^n ( log 



so that 
Furthermore, 



d4>n 

^^Tr^„ 

= -S{Cjn)^Cj{^e\h)\^^n\ozd 
= — S^LOn) + nLd(h) + n log d 

Sui<^, 4>) = —sj^iuj) + <^{h) + log d. 

n 

S{4>^,4>n) = -S{4>^) + ^4>^{9^{h))+nlogd 

n 

= -S{4>^) + Y,^li-j,n-j]ih)+nlogd. 



(3.5) 
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By [20] we have sj^{6j) = lim„_>oo ^'5(0^). The uniqueness of a*7^ (= q;*'')-KMS state 
imphes that (f>'^_^ m] ~* weakly* as £, m — > oo. For each e > one can choose no £ N such 
that \4>'^_^ ^] {h) — od{h)\ < £ for all £,m > uq. If n > 2no and uq < j < n — riQ, then j — 1 > no 
and n — j > no so that \4>^_j n-j](^^ ~ < £• Hence we have 



1 " 



< 



4\\h\\no 



+ £. 



n 



This shows that 



Therefore, 



1 " 



3=1 



1 



lim -S{4>n, (t)n) = -sj^(w) + u}{h) + log d, 

n^oo n 

and the proof of the first part is completed. 

The last assertion follows from (2.6) and (3.5). It remains to prove 

lim -S{ct>^) = lim -S{4>^). 

n—>-oo n n— ►oo n 

To prove this we give a lemma. 
Lemma 3.2. Under (2.1) and (2.2) let 



(3.6) 



with positive semidefinite matrices G M^. (C) and D'- G M,^. (C) such that Trjr^{D^D') = 
1. Then D := D^D' is a density matrix with respect to Tr^^. If D\j^^ is the density matrix 
o/Tr^„(D •)|^„ with respect to Tr^„, then 



|5(^UJ- -5(^)1 < log (^^max^d,). 



where S{D) is the von Neumann entropy of D with respect to Tr^„ and S{D\^^) is that of 
D\j(^ with respect to Tr^^ (see (2.3)). 

Proof. The first assertion is obvious. Let Ej^^ denote the conditional expectation from J^n 
onto An with respect to Tr^F^. Notice that 

S{Ej,^{D)) - S{D) = Tr:^^{DlogD-EAAD)logE^^{D)) 
= S{D,Ej^{D)), 

the relative entropy of the densities D and -E^„(-D) in J^n- Set := D^/Trmi{Df), H[ := 
DyTr^iiD'j) and Di := Hf ® H[. The joint convexity of relative entropy implies 



S{D,E^^{D)) <J2'^m,{D^)T^d,{Di)S{Di,E^^{Di)). 



1=1 



Since EA^Di) = ^Hf (g) 1^,, we get 
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5(A,i?^„(A)) 

= Tr^„ (a (log Hf Id, + Im, ® log - log 1^, + (log ) 1^, 1^,)) 
= Trrf^(i/;iogii;) + logdi 
< logdi- 

Therefore, 



<S{Ej^„{D))-S{D)< \og( max . (3.7) 

\l<z<K„ J 

Next, since for a = J2i ® Irfi ^ -^n 

Vj=i / 1=1 



we get 



so that 



=1 ^» 



1=1 



Hence we have 



= -J2^d, (^Ol^m, ( A° log A°) - E ( (^0 (log IVd, (i^O - log Cii) ■ 



1=1 i=l 

On the other hand, since D\a„ is X^i="i Tr^. (D,-)Z)[' as an element of 0^t"i Mmi(C), we have 



s{d\aJ = -Ei^-.(^*(^OA°(iogA° + iog'iv,,(i^-))) 

i=l 

= -J^T^di iD'i)Trm, ( A° log - E '^-^ ( A°)'n-<i. (^D log Tra, {D[). 



Therefore, 



so that 



i=i i=i 



S(S^„(L>)) - S{D\aJ = ElVm,(A°)1Vd.(^0logdi 



i=l 



< SiEA„iD)) - 5(i?UJ < Iog( ma^^d, ) . (3.8) 
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Combining (3.7) and (3.8) gives the conclusion. □ 

Proof of (3.6). Let be the density of the local Gibbs state (f)^ with respect to Ttjf^, which 
is written as 

f,G_ ((g)?e-^)e-"" 

^ ^^„(((8)^-'^)e-^")■ ^ ' 

This is obviously of the form of D in Lemma 3.2, i.e., the product of an element of An and 

an element of jr„ n A'^^. Furthermore, since Trjr„(-D^ OUn = 4'n\An = 'Pn thanks to (3.1), it 
follows that the density of (p^ with respect to Tr^„ is Dn\An i^^ the notation of Lemma 3.2). 
Hence, Lemma 3.2 implies 

\S{cl>^)-S{4>^)\<log(^m^^d?j 
so that we obtain (3.6) thanks to (2.5). □ 

4. Macroscopic uniformity 

Let (/> G £T^{A) and < e < 1. For each n G N and for each state ■0 of An we define the 
two quantities 

(3£{4>) := min{Tr^^(g) : q G An is a projection with ^(g) > 1 — e}, 
l^e{i^i 4>n) '■= ™in{^n(9) • 9 £ An is a projection with "^{q) >! — £}. 

For each state ^' of .F^ the quantities Pe^j') and f3e{'4^' ■, 'Pn) are defined in a similar way with 

J^n instead of An. The aim of this section is to prove 

Theorem 4.1. Let <j), ^ and h be as in Theorem 1.5, and let u be an a^-KMS state of A 
with chemical potential ^. Then, for every < e < 1, 

-Sm{(^,<^) = hm -logl3e{u;n,<pn) (4.1) 

n— >oo n 

= lim - log p,{(t)^, <t>n) = lim - log pSn^ 4>n)- (4.2) 

n^oo n n— >oo n 

Moreover, if ^ is central, then for every < £ < 1, 

sj^{uo) = lim ilog/3e(u;n) = lim -log/?,(0^) (4.3) 

n— >oo n n— »oo n 

= lim -log^,(a;„)= lim -log/3,(0^). (4.4) 

n— +0O n n— >oo 71 

To prove the theorem, we modify the proofs of [13, Theorems 3.1 and 3.3]. Let u be as in 
the theorem and {tTuj,'Hu}^^u>) be the cyclic representation of A associated with oj. For each 
n G N set 

Dr, := ^— and := 



Lemma 4.2. For e?;er7/ n G N, 

log£>^-logL>„<2||W„||. 

Proof. For every state t/j of ^„ let be the state of TT^^{An) such that = "0 o 7ru,|^„; in 
particular, let be that for <f>'j^. Moreover, let lj be the normal extension of cv to TTaj{A)"; 
so ujn = a)|7r^(_4^). Note (see [14, p. 826]) that the normal extension [cj"^"]" of [a;"'^"] 
coincides with the perturbed state [a;"'^"^'^")]. There exists the conditional expectation En 
from Tr^{A)" onto Troj{An) with respect to [a;~'^"]~ because Troj{An) is globally invariant under 
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the modular automorphism associated with this state. (See the proof of [14, Theorem 2.2, (i) 
(ii)]; this part of the proof of [14, Theorem 2.2] is vahd.) Then, we successively estimate 

< S{i>oEn,[^'^'']~) + nWn\\ 
= S{2i;oEn,4>^oEn) + 2\\Wn\\ 

= S{ilj,cl>^) + 2\\Wn\\. (4.5) 

Here, the first inequality is the monotonicity of relative entropy ([22, 5.12 (iii)]) under the 
restriction of the states of Tr^{A)" to its subalgcbra Tr^{An), and the second is due to (1.3). 
The second equality follows because Theorem 1.5 ((ii) or (iii)) gives [w~'^"]~ = (p^ o En- The 
last equality is seen by applying the monotonicity of relative entropy in two ways (or by [22, 
5.15]). We now obtain 

^{logD^ - \ogDn) = S{^,UJn) - S{lP,cl>^) < 2\\Wn\\ 

for all states of An, which implies the conclusion. □ 
Lemma 4.3. For the densities Dn and , 

lim -7ra,(-logZ)„) = lim -TT^{-logD^) = -SMiio,(t))l strongly. 

n— >oo n n^co n 

Proof. Since to is extremal in Sg{A), the mean ergodic theorem says that 

= uj{A^)l strongly. 




Since it follows as in [13] that 



lim — 

n— >cxD n 



Y,GKA^)-Hn 



we have 

lim —Tri_j{Hn) = io{A^)l strongly. (4.6) 

n— >oo ri 

Therefore, we obtain the strong convergence 

-7r^(-logL»^) = -7rUHn) + -{logcf>{e-""))l 
n n n 

(u;(^$)+p($,</.))1 = -Sm(cc;,0)1 (4.7) 

due to the variational principle of cj in Theorem 1.5. 

Next, let an := -^logL>„ and 6„ := -MogD^ + ^||Wn||; so 7ruj{bn) ^ -S'm(w, <?!>)1 
strongly by what is already shown. We get a„ < 6„ by Lemma 4.2, and moreover 

1 dUn , 1 T d(f)n . 1 , 

an = — log — h - log — > - log ■ 



n dTTAr, n dTr^„ n c/Tr^„ 

.-i:«^(/.)+-iog^>-iM-iogd 

j=i 



(see (2.9) and (2.4)). Hence {6„ — an} is uniformly bounded. Since 

\\T^wibn - an)^uj\\'^ < (sup \\bm - am\\) UJ (bn - ttn) 

— > (sup -a„i||] (-51^(0;, (?!)) + 51^(0;,^)) = 0, 
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we have TTuiipn — an) —>■ strongly because 0,^) is separating for 7ruj{A)". Hence 7ru,(an) 
—S'm(w, (?!))1 strongly. □ 

Lemma 4.4. Let n(l) < n(2) < • • • be positive integers, and let a^ G v4„(fe) be a positive 
contraction for each k eN. 

(i) If iniku{ak) > 0, then 

(ii) Ifmfk(j)^(^^^{ak) > 0, then mffeu;(afc) > 0. 

(iii) //limfe^oot^(afe) = 1, then linife^oo = 1- 

The above assertions (i)-(iii) hold also for J^n{k)> ^.nd (p^^^f.^ instead of An(k)> ^ c-i^-d ^n{k)' 
respectively. 

Proof. The last assertion is contained in [13, Lemma 3.2]. 
Let 

F{si,S2) := silog — + (1 - si)log- —, < si,S2 < 1. 

If the conclusion of (i) does not hold, then one may assume by taking a subsequence that 
<f>n(k)(^k) < e~'"^''^'^, k gN, for some rj > 0. Using the monotonicity of relative entropy ([22, 
5.12 (iii)]) applied to the map a : — > An{k)j Ci{ti,t2) '■= tia^ + ^2(1 — Ofe), we have 



> - log 2 - uj{ak) log (/>„(fc) (ofe) - (1 - uj{ak)) log(l - (/>„(fc) (a^)) 

> — log2 + n(A;)77a;(ajfc) 

and hence 



:^^^'^ri{k)An{k)) > ??infu;(afe) > 0. 



This contradicts the equality 

lim -SiuJnAn) = 5M(tc;,(^) +(j(A<i,) +p(^>,0) = 0, 

n—foo n 

which is seen from S{(jJn, (f^n) = S{ujn, 4>n) +^(-f^n) +log 0(e~^") and (4.6). Hence (i) follows. 
Furthermore, thanks to the monotonicity of relative entropy as above and (4.5), we have 

F{(t>n{k){ak),i^{ak)) < S{(t)^^j^yUJn(k)) 

< 5(<^n(fe),<^nw) + 2|l^n(fc)ll =2||H^n(fc)l|- 

This shows the boundedness of F{(f>^^f^^ {ak),uj{ak)), from which (ii) and (iii) are easily verified. 

□ 

Proof of (4.1). For each 5 > and G N, let pn be the spectral projection of —^\og Dn 
corresponding to the interval (— 5m(w, 0) — 5, — 5m(w, (p) + S). Then we have 

exp(ra(-S'M(t^,</>) - S))DnPn <Pn< exp{n{-SMiuJ,(j)) +5))DnPn, (4.8) 

and Lemma 4.3 implies that iTuiipn) 1 strongly as n ^ 00. Choose a sequence n(l) < 
n(2) < • • • such that 

lim -77T log Pe {(^n{k) : <l>n{k) ) = i^f - log Pe (<^n, <l>n) ■ (4.9) 
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For each k choose a projection qk G An(k) such that Lo{qk) > 1 — e and 

log^^n(fc)(9fc) < log/3£(u;„(fc),0„(fc)) + 1. (4.10) 

We may assume that Trui{qk) converges to some y G Tru){A)" weakly. Since T^ujipn{k)Qk) U 
weakly, we get 

lim u{pn(k)qk) = {y^u^,^uj) = hm uj{qk) >l-e 

re— >oo re— »oo 

and by (4.8) 

4>{qk) > 4>{Pn{k)(lk) > ex.-p{n{k){-SM{'^A) - S))'^{Pn(k)Qk)- 

These give 

liminf-^— log^(gfc) > -SM{co,(f)) - 5. (4.11) 
Combining (4.9)-(4.11) yields 

hminf - logPei^^n, (t>n) > -Sm{^, (p) - S. 

n— >oo n 



On the other hand, we obtain 



lim sup - logPeii^n, ^n) < -Sui^O, (f)) + 5, 
n— ►oo Tl 



because by (4.8) 



- log Ps{(^n, 0n) < - log (f>iPn) < -5'm(w, (t>) + S + - logUj{pn) 

n n n 

< -SM{0J,(t)) + S 

if n is so large that a;(p„) > 1 — e. Thus, the proof of (4.1) is completed. □ 

Proof of (4.2) . This can be proven by use of (i)-(iii) of Lemma 4.4 similarly to the proof of 
[13, Theorem 3.3]. Since the proof of the second inequality is a bit more involved than the 
first, we only prove the second. 

Let (vr, 7Y, Q) be the cyclic representation of associated with lj. For each 5 > and 
n G N, let p„ be the spectral projection of — ^ log to (— S'm(w, 0) — 6, 5'm('^, 0) + S). Since 
^Tr{Hn) 6j{A^)1 = aj(yl$)l and hence ^7r(— logZ)^) — 5m('^,0)1 strongly as (4.6) and 
(4.7), it follows that 7r(pn) 1 strongly as n ^ oo. Furthermore, we have 

exp(n(-5M(u;, </)) - 6)) ^^pjj^ < Pn < exp(n(-5M(a;, (p) + '^)) ^(^z^- 
Choose n(l) < n(2) < • • • such that 

log/^^(^n(fe)' ^^(k)) = liminf - \ogPe{^^, 0n). (4.13) 

re — *oo Tl[K J ^ Tl 

For each k there is a projection qj. G ^n{k) such that 4>n(k)(lk) > 1 — ^ and 

^og4>n{k){<lk) < log/3e(<^5ik)''^"(fe)) + (^-^^^ 
Here, we may assume that Tt{qk) converges to some y G Tr{J^)" weakly. Then we obtain 

lim u{Pn(k)<lkPn(k)) = {y^,^) = lim '^(?fe) > 
re— >oo re— »oo 



(4.12) 
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by Lemma 4.4 (ii) (for a> and (t>'^(u\ with = qk), and hence 



fei^ ^ "^"(fc) (PnmkPnik)) = (4.15) 

by Lemma 4.4 (i) (for uj and </>^(^,) with a/j = Pn(k)QkPn{k)) ■ Furthermore, since commutes 
with e^^" and 0^^' e^^, we obtain 



> exp(n(/s)(-S'M(w, 0) - S)) 
= exp(n(fe)(-5'M('^, 0) - 5)) 



9fc 



d-"(^)Tr^„^,^ (((g);^^^) e-^)e-^"('-)p.(,)gfc) 
^(e~-^"W) 

0(e""-^"('='Pn(fe)«fcPn(fe)) 



0(e"''^"('=) ) 

using (4.12) and (3.1). This together with (4.13)^(4.15) yields 



= exp(n(fc)(-S'M(a;, 4)) - S))^^r^.){pn^k)<lkPn{k)) 



hminf-log/?£(^^,^„) > -SMi^^,(p) - S. 

n—*oo n 

On the other hand, since 4>n{Pn) — 1 by Lemma 4.4 (iii) (for u and (f>^), we have (f>^{pn) > 
1 — £ for large n, and for such n 

^ log Pei^n^ 4>n) < ^ log 4>n{Pn) < -Su{(^, (t>) + S 

thanks to (4.12). Therefore, 

limsup - log/?£(0^, 0) < -S'm(w, (f)) + S, 

completing the proof of (4.2). □ 

Proof of (4.3) and (4.4). Assume that ^ is central. Since s^(<^) = sjr(u}) by Theorem 3.1, 
the assertion (4.4) is contained in [13, Theorem 3.3]. To prove (4.3), we first assume that ^ 
is trivial. Then, by Lemma 2.1 (1) and (4.1) (in case of (f) = v) we have 

s^(a;) = -5m(w,i^) +log<i 

= lim - log (3e{<^n, t'n) + log d 
n— >oo n 

= lim -logf3e{uJn)- 

n— >oo n 

The latter equality in the above is readily verified from (2.4) and (2.5). The other equality 
in (4.3) when ^ = is similarly shown from the first equality in (4.2). When ^ is not trivial, 
we consider belonging to 13q{A) instead of Note that uj is an a* -KMS state with 
trivial chemical potential and (p^ is the local Gibbs state with respect to and v. Hence, 
the above special case gives the conclusion. □ 
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5. Remarks and problems 
Some problems as well as related known results are in order. 

5.1. It is known [11, 23] that the weak*-closure of ST^{A) coincides with the set ST{A) of 
all extremal tracial states of A as far as G is a compact connected Lie group. For $ G Bo{A) 
let £K{A,^) denote the set of all extremal a*-KMS states of A (see Proposition 1.1) and 
£K^{A,^) the set of all faithful uj € £K{A,^). Theorems 1.5 and 1.6 say that there is a 
bijective correspondence cp ^ lo between £T^{A) and £K^{A,^). We further know (see [14, 
Theorem 4.6]) that the correspondence ^ a; is a weak*-homeomorphism from £T^{A) onto 
£K^{A, $). Upon these considerations we are interested in the following problems: 

(1) Does the weak*-closure of £^i^^(,4, $) coincide with £K{A, $) (as far as G is a compact 
connected Lie group)? 

(2) Does the above <j)^ u extend to a weak*-homeomorphism from £T{A) onto £K{A., $)? 

5.2. In the situation of Theorem 3.1 it seems that the equality s^(w) = sjr{i2}) holds without 
the assumption of ^ being central. This is equivalent to the equality s^{uj) = lim„_»(X) ^S'(^^), 
which is the only missing point in Theorem 3.1. 

5.3. The equality —Suii^,^) = l^TXi-n-^oo ^P6{<^n,4>n) is missing in Theorem 4.1, which is 
equivalent to 

-Sm{uJ,^)= hm -logl3e{iUri,4>n) (5.1) 
n— »oo n 

due to Theorem 3.1. Note that ^ is a product state of T and u is completely ergodic, i.e., 
extremal for all 0^ , n > 1. Thus, the equality (5.1) is an old open problem from the viewpoint 
of quantum hypothesis testing in [12], where the weaker result was proven: 

-S'M(a), 0) > limsup-log/3£(a>n,^„), 

n— >oo IT- 
1 . 1 

j5m(w,0) < liminf-log/?£(a;„,(?:)„)- 



1 — e n^oo n 

In this connection, it is worthwhile to note that T. Ogawa and H. Nagaoka established in [21] 
the equality 

-S{ip,i}) = lim -logPs{^n,Ai) 

when if, tp are states of M(^(C) and (pn^i^n are the n-fold tensor products of ip, tp. The problem 
of macroscopic uniformity for states of spin C*-algebras was completely solved in a recent 
paper by I. Bjelakovic et al. as follows: If is an extremal translation-invariant state of the 
z/-dimensional spin algebra (^gi. M(i{C), then 

^('^)=Al^.^^°S/3e(<^) 
for any < e < 1. See [6] for details. 

5.4. Although many arguments in this paper as well as in [14] work also in gauge-invariant 
C*-systems over the multi-dimensional lattice Z'^, some difficulties arise when we would ex- 
tend our whole arguments to the multi-dimensional case. For instance, it does not seem that 
Proposition 1.1 holds in multi-dimensional gauge-invariant C*-systems. The proposition is 
crucial when we use the chemical potential theory as in the proof of Theorem 1.6. Moreover, 
the assumption of uniformly bounded surface energies is sometimes useful in our discussions. 
In the multi-dimensional case, the assumption is obviously too strong and, if it is not as- 
sumed, the non-uniqueness of KMS states (or the phase transition) can occur. Indeed, the 
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uniqueness of a -KMS state of is essential in the proof of Theorem 1.5. Consequently, 
some new ideas must be needed to extend the theory to the multi-dimensional setting. 
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